Abstract. This paper provides a description of the spectrum of diagonal perturbation of weighted shift operator acting on a separable Hilbert space.
Introduction
Let X be a separable complex Hilbert space with an orthonormal basis {e i } i∈Z ⊂ X. We define the weighted shift operator in X by Se i = w i e i+1 , i = 0, ±1, ±2, ...
The sequence {w i } i∈Z ⊂ C represents the weights of the operator S. The matrix of such operator can be written as In [1, 2, 9] , it is shown that if S is bounded, then there exists 0 ≤ r − ≤ r + such that the spectrum σ(S) of S is given by σ(S) = λ ∈ C : r − ≤ |λ| ≤ r + .
In this work, we propose to extend this type of result to the case of the perturbed operator S + D, where D is a diagonal operator.
Preliminary notions
Let L(X) denote the algebra of all bounded linear operators acting on a complex Banach space X. The norm on X and the associated operator norm on L(X) are both denoted by · . For T ∈ L(X), we denote by σ(T ), ρ(T ) and r(T ) the spectrum, the resolvent and the spectral radius of T respectively. Recall that σ(T ) is a non-empty compact subset of C, r(T ) ≤ T and r(T ) = lim T
If T is invertible, the inverse is denoted by T −1 and we have [2, 3, 4, 5, 6] ).
In the following, X is a separable complex Hilbert space and {e i } i∈Z an orthonormal basis of X. Let S be a weighted shift operator on X with a weight sequence {w i } i∈Z . The boundedness of the operator S is a consequence of the boundedness of the weight sequence {w i } i∈Z . However, we have a more general results Proposition 1 ( [2, 4, 9] ). The operator S is bounded if and only if the weight sequence {w i } i∈Z is bounded. In this case,
and in this case Remark 2. From the last corollary, the spectrum of the operator S have circular symmetry about the origin. In particular, {λ ∈ C : |λ| = r(S)} ⊂ σ(S) and λ ∈ C : |λ| = 1
In the following section, we state our main result.
The spectrum of perturbed weighted shift
Let T ∈ L(X) be a perturbed operator given by
where D is a diagonal operator with diagonals {d i } i∈Z .
Lemma 1. If T is invertible, then we have at least one of the following two inequalities
Proof. Let T be invertible and set x i = j∈Z a i j e j = T −1 e i . Thus, we have
and
The first equation of (4) and of (5) implies for all i ∈ Z,
From (4), we get, for all i ∈ Z and k > 0,
Cauchy-Schwarz inequality gives us
Consequently, for all i ∈ Z and k > 0, we have
Cauchy-Schwarz inequality provides the inequality
From the first equation of (4), for all i ∈ Z, either w i−1 a
is not zero. Thus, we can distinguish two cases: (6) and by taking the supremum over i in (7), we get (6) and by taking the supremum over i in (8) , we get
We conclude, by taking the kth root and letting k −→ ∞ in (9) and (10) .
In the folow, we give a converse of the previous lemma.
then only one of inequality R + S+D < 1 or R − S+D < 1 can be satisfied. Let R + S+D < 1 and let F be a linear operator on X to X, defined by
such as, for all l ∈ N, F l is an operator given by
with the assumptions that (14), and for all i ∈ Z, we have
Equation (14), leads to a
Also
hence
From (14), we have a
Then
where I denotes the identity operator.
If R + S+D < 1, let F be an operator on X to X, defined by
and for all l ∈ N − {0}, F −l is an operator given by
with assumptions that 0 m=1 d i−m = 1. Note that, the condition R − S+D < 1 implies that the operator F is well defined,
Formula (21), leads to a 
Combining (22) and (23), we obtain w i a
using (21), we obtain a
which leads to
then the claim is proved.
Theorem 1. Let T ∈ L(X) be the operator given by (1) and for any λ ∈ C, R
(i) If S is an invertible operator, then
(ii) if S is a non-invertible operator, then
Proof. Let λ ∈ ρ(T ) = λ ∈ C : (T − λI) −1 ∈ L(X) . If we replace d j by d j − λ in the Lemma 1, then we get either
But the equality is excluded by spectrum compactness. So we have at least R
If S is invertible, then from (11), only one of inequality (30) and (31) can be satisfied. Thus,
Therefore, if S is non invertible, sup i∈Z
is not bounded and we have only R
Conversely, in order to show that
and we show that λ / ∈ σ(T ). From Lemma 2, T − λI is invertible and there will exist an operator
Therefore, λ / ∈ σ(T ). Similarly one can show that if S is not invertible, then
Remark 3. In the previous theorem, if we take d i = 0 for all i ∈ Z, then we obtain a result already shown in [1, 2, 8, 9] about the spectrum of the operator S. That is
≤ |λ| ≤ r(S) .
Remark about the spectrum of perturbed weighted n-shift
For a strictly positive integer n, we define the weighted n-shift operator in X by S n e i = w i e i+n , i = 0, ±1, ±2, ...
The sequence {w i } i∈Z ⊂ C represents the weights of the operator S n . It is clear that the weighted 1-shift coincide with weighted shift (in the usual sense, see [10] ).
Remark 4. Let T n ∈ L(X) be the operator given by
where D is a diagonal operator defined in (1). For every j ∈ {0, ..., n − 1} and i ∈ Z, let that e . Where S j n is the restriction of S n on X j , the S n −invariant closed linear subspace spanned by e
Also, since each S j n is a weighted 1-shift, then the spectra of S n is the union of the spectra of all S j n , j = 0, ..., n − 1 (see [4] ). In particular, σ(S n ) = σ(S 
